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Abstract

We define a regularised version of the de Rham operator over the free loop space. We
perform a semi-classical approximation of it, such that the index of the limit operator is
equal to the “orbit Euler characteristic” of physicists.

Keywords: Euler—Poincaré numbers, Orbifolds, Loop groups, Stochastic calculus
1991 MSC:20P 05, 81 T 30

0. Introduction

In the physics of string theory, one considers string propagation on a manifold
M quotiented by a finite group of symmetries G. When the group action is not
free, the quotient space M/G is in general not a smooth manifold, but one with
singularities, a so-called developable orbifold. In the discussion of string vacua
for M/G, one has to consider the configuration of the closed (parametrised) loops
of M together with all the loops twisted by elements of G. By consideration of
modular invariance of the theory, Dixon, Harvey, Vafa and Witten [DHVW]
introduced the following “orbifold Euler characteristic” of the quotient of M by
G as the appropriate Euler number for the purpose of string theory:
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where the summation runs over all commuting pairs in GX G, and M <¢*> denotes
the common fixed point set of g and 4. For a free action it is a well known fact
that y(M, G)=x(M/G). The connection of this expression with the representa-
tion theory of the group G leads to the identification of (M, G) with the Euler
characteristic of equivariant K-theory K;(M), which was noted in [AS]. How-
ever, the string calculation of the Euler number is expected to agree with the Euler
number of a “correct” resolution M/G° of the singular space M/G, at least for
manifolds with SU (n)-holonomy. For dim¢ M =2, [HH ] showed that the equality

x(M, G)=x(M/G°), (0.2)

holds for M/G° the minimal resolution of M/G. When dim: M =3 and G abelian,
x(M, G) is also identified with y(AM/G°) for M/G° being the “minimal” toroidal
resolution of M/G constructed by the methods in toric geometry in [RY, R ], and
also in [MOP]. It seems that this phenomenon should hold for a general reason-
able class. Even though the formula of the orbifold Euler characteristic was ob-
tained by stringists using physicists’ ideas, which is quite natural, it is in some
sense unsatisfactory because a clearer mathematical nature of “‘strings” still relies
on a rigorous mathematical description of the intuition behind it. Here we pro-
pose a mathematical treatment using a probabilistic method based on Malliavin
Calculus, which can justify some intuitive and heuristic methods of the physical
arguments. The formulation might shed some light on the “string” nature of toric
geometry, which has been a useful device in the study of string compactification.

In order to give an interpretation to these ideas, we need to consider an element
of volume over the twisted loop space, and unfortunately we meet the problem
that there is no Riemannian measure over the loop space of an orbifold. The idea
is to use the twisted B-H-K measure, which extends in the case of twisted loop
space the measure which was introduced in [Bi5] in order to explain the relation
between the cohomology of the loop space and the index theory (see [HK ] in the
flat case). In the case of non-twisted loop this measure is used in [JL1] in order
to do a L? theory of Chen forms. But no differential operation is given in [JL1].

Such differential operations have been known for a long time in Malliavin Cal-
culus for the Wiener measure: these are the Malliavin derivatives [Grl ] and the
Ornstein—Uhlenbeck operator [Me]. [Sh] and [ArM] study differential forms
over the Wiener space and the exterior derivative. [Arl, Ar2] do an extensive
study of the index of the Dirac operator over the flat loop space in the case of the
free field or with interacting terms: they give a path integral representation of the
index of such operators over the loop, strongly inspired by the work of Hoegh-
Krohn in the scalar case [HK] (see [JLW1, JLW2] for physics references).

For the analysis in infinite dimensional curved spaces, there exist different types
of theory (we refer to [Ma] for a survey).
— The theory of Wiener manifolds. The reader can see Ramer’s thesis [Ra] for
the non-scalar case.
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- The analysis over infinite dimensional manifolds, which was used by the Rus-
sian school. The manifold’s structure is very important in such cases [BS, DF].
— The quasi-sure analysis [Ge, Aml], which works over finite codimensional
manifolds of the Wiener space (see [K] for forms).

— The analysis over loop groups [AM?2, Gr2, Gr3], which is closer to the purpose
of this paper, but with a different tangent space, which uses deeply the structure
of the group. For the moment there is no manifold structure in this theory nor in
the next theory.

The present paper is more related to [Le4] and [Le5], where the case of the
free loop space of the Riemannian manifold is considered. Some connections are
introduced over the free loop space, integration by parts is done, which allows us
to define Malliavin’s derivatives of every order and to define an Ornstein—-Uhl-
enbeck operator invariant by rotation.

[JL2] defined a non-equivariant regularised exterior derivative over the full
space of forms of the loop space. Its adjoint is computed. A rigorous conjecture
for the index of the regularised de Rham operator is given. By localisation, it is
the Euler-Poincaré number of the manifold. The situation becomes more com-
plicated for the case of the equivariant Dirac operator over the loop space with
the relation with the Witten genus and for the case of the equivariant signature
operator over the loop space with the relation with the elliptic genus: some topo-
logical obstructions are met [Be, Se, Wi] and in fact in [JL2] there is an exten-
sion of the Taubes construction of the Dirac operator over an infinitesimally small
loop [T] only over a small neighbourhood, by using stochastic calculus. In order
to define the “restriction” to these non-scalar operators to an infinitesimally small
loop (that means over the family of Brownian bridges over the set of tangent
spaces ), the B-H-K measure in small time is introduced and some limit theorems
are used, which correspond to the high temperature limit in the stochastic context
and which belong to the domain of the computations done in [Bi3, IW, Hs, Le2].

The purpose of this paper is to do analogous computations for the regularised
exterior derivative for twisted loop spaces: the loop space of a developable orbi-
fold appears namely as an orbifold of twisted loops. A scalar calculus over each
sector of twisted loop is done. A diffusion process is constructed, and some rough
localisation is performed for the diffusion process (see [ALR] for non-twisted
loops). The big difference with [JL2] is that the limit model is related to the
computation of [Bi4] instead of the model of [Bi3], because the twisted loop
concentrates on the loop of the fixed point of an element of G in small time.

1. Scalar calculus over twisted loop spaces

1.1. Integration by parts for distinguished vector fields

Let M be a compact Riemannian manifold and let G be a finite group acting
over M. By averaging, we can suppose that G is a group of isometries. Let L be
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the Laplace-Beltrami operator over M and p,(x, y) the associated heat kernel.
P, ., is the law of the Brownian bridge starting from x and going to y in time 1.
Let H, be the space of twisted loops going from any x and arriving in gx at time
1. Let u, be the measure over Hy,

P 1,x,2x dx
Jupi(x, gx)dx’
We denote the associated space of L? functions by H,. Let X, be the vector field:

dy,=p,(x, gx) (1.1)

T;(Xo(?(O))+ J‘ h(s) dS—th(?(O))+tTr‘ngo(?(O)))

[0.1]
=t H(t) . (1.2)

h(s) is equal to Xh;(s)X,(y(0)), where each h; is deterministic such that
J10.17hi(s) ds=0. These vector fields play the role of the distinguished vector fields
given in [Le4] and in [LeS]. But the boundary conditions are now
X(1)=dg X(0) because we look at twisted loops. Let F be a smooth cylindrical
functional F(y(z(1)), ..., y(¢(r))). We have:

Theorem 1.1.
.ug[<dF9 Xg>]=ug[FdIVXg] ’ (1.3)
where
(AF, X,y = 5 Gy FO(1)), - ())), X (1)) > (1.4)
div X =div Xgo(1(0)+ | <LH (5,651 + 3 | (Sxn 9(5))
{0,1] [0,1]
— | Trse R@n(s), mner de Xpo((0)) (1.5)

[0,1]

where S is the Ricci tensor over M and R the curvature tensor.

Remark. Let us remark that the last term in the divergence can be computed by
means of the Ricci tensor and is equal to zero when the manifold is Ricci flat.

Proof. The proof is very similar to the proof of [Le4]. We begin to work over the
path space, that means the space of applications from [0, 1] into M endowed
with the path space measure dx P}, where PY denotes the law of the open Brown-
ian motion at time 1 starting from x. Let ¢ be a smooth function over M X M with
a small support over the diagonal equal to 1 over a small neighbourhood of the
diagonal such that gy(0) and y(1) are joined by a unique geodesic if ¢(gy(0),
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y(1)) is not equal to 0. Let us denote by t(y(1), gy(0)) the parallel transport
from g(y(0)) to y(1) along this geodesic. We begin by enlarging the vector field
X, over the twisted loop space into a vector field X;, over the path space by putting:

X,,g(z>=¢(gy(0),y(1))r,(Xo(y(O))+ | a9 as-x,0(0))

[0.1]

+tTF'T(V(1),87(0))ngo(?(O))>- (1.6)

Let N be a subdivision of [0, 1], and let X7, be the associated vector field and let
us consider the polygonal approximation of y: this polygonal approximation of y
works only if y(£(i)) and y(¢(i+1)) are close, but the contribution of the path
where y(¢(i)) and y(¢(i+1)) are far goes to 0 when N goes to infinity, as is ex-
plained in [Le4, Le5]. We know by integrating by parts in finite dimensions that

v[(dF, X% > }=v[Fdiv X],] . (1.7)
Moreover, by using the Malliavin Calculus, we know that for all x, y

E,,[(AF, X5 1-E <, [(AF, X, 0> 1, (1.8)
and that

E, [FdivX},]1-E, [FdivX,], (1.9)

where the divergence is computed from (1.5) by taking the derivative of ¢(z(y(1),
2v(0)) in addition because we are integrating by parts over the path space. By
using the fact that g is an isometry, and the relation X7,(1)=dg X7 (0), we ar-
rive at the same cancellation in the end when N goes to infinity as the cancella-
tions registered for non-twisted loops. The only difference is that we do not need
to take the derivative of t(y(1), gy(0)) in the approximation limit procedure,
hence the theorem, by considering the matrix from 7, into T,, by 7' dg
instead of 77! in the case of non-twisted loops. But dg (y(0)) has a derivative
equal to 0 over a vector field 7,.X; this explains the fact that no derivative of dg

appears in the last counterterm. O
1.2. Dirichlet form and Ornstein-Uhlenbeck operator

The tangent space is the space of vectors X(s)=1tH(s) with H(s) with finite
variations such that X, =dg X,. As Hilbert sgructure, it should be possible to choose
the Hilbert structure

X1+ | (DX(s), DX(5)> 05,

[0,1]
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where DX(s) =1’ (s) is the covariant derivative over the loop. But we will split
our tangent space T, into 2, T';, an orthogonal sum with a different metric in
order to simplify the computations.

Ifn>0,

T;'={1:,-2‘/2 J cos(ns)dse:X(n,e)(t)}.

[0.]

Ifn<0,

T'= {1:,-2‘/2 J sin(ns) dse=X(n, e)(t)}.
[0,2]
If n=0,
TO={t(e—te+tr7' dge)=X(0,e)(1)}.
The Hilbert structure over each piece T of T, is given by | e|| 2.

There is a connection which preserves the metric. This arises from the Levi-
Civita connection I" over the manifold:

X(n,Ie)(t)=I'(X(n,e)(t)) . (1.10)

This connection preserves by definition the splitting of T, into T';.
Let us introduce positive numbers A(n) such A(n)<C|n|”-2p<1. Let E’ be
the following Dirichlet form:
E'(F,F)= Y pu[A4*(n)(dF, X(n,e(i))>*], (1.11)

ni.g

where X(n, e(i)) is a basis of T';.

Lemma 1.2. E’ is closed defined over a dense set which separates the twisted loop
and tight.

Proof. E' is densely defined. We choose as core 4° the set of cylindrical functions
F(y(t(1)), ..., y(¢(r))). Over T}, n#0, we choose as orthonormal basis the nat-
ural orthonormal basis which comes from T,,,. We have:

| (dF, X(n,e(i))> | <C/(In]+1). (1.12)
Therefore:
Y A(n)*CdF, X(n,e(i)) >*< Y A(n)*/(In|+1)*<C, (1.13)

with C deterministic. Therefore, E’ is densely defined over a set of functions
which separate the loop.
- E’ is closed. Let us suppose that F,—0 for F, belonging to the core and that:
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ug[ZA(n)2(<dF,,,X(n,e(i))>—G(n))z] -0, (1.14)
when p—co. Then G,,=0. Namely for all cylindrical functionals F,
te[(AF,, X(n, e(i)) > F]
=:ug[deiVXnF]_,ug[Fp<dFaX(nae(i))>]! (115)

which tends to 0. Therefore <dF,, X(n, e(i)) ) tends to 0 in L*(x,) and therefore
G, =0 (we used local sections of the smooth orthonormal basis of T,,M).

- E’ is tight for uniform convergence. Let F(x, y) be a smooth function >0 over
M XM such that F(x, y)=d?(x, y) if x and y are closed. Let G(y) be the random
variable

6= [ [ Fowoyni-sasa, (1.16)
{0,1] [0,1]

which is finite if p> a. Let us compute (dG(y), X(n, e(i))>. It is enough to take
n#0:

<G (), X(n, (D) |
< | [ RO 0y 10511 4y FO5), 70), Xm,eD) (59
[0.1] [0,1]
+ <y F(7(5), 7(0), X(n, (D) (1) | ds
<|—% j j F(y(s),y(t))~'/1t—s|*dsdt . (1.17)

[0,1] [0,1]

Therefore, if p—1>a, (011101 F(7(s), y(¢))?~"/|t—s|*dsdt is finite. More-

over, if we put a=1+28p, G< Cis compact if < 1 /2 for the uniform norm (see

[AV] for the case of a Wiener submanifold ). |
The following theorem can be deduced classically from the previous lemma.

Theorem 1.3. To the Dirichlet form is associated, outside a set of capacity 0, a
process w,(Y) for p,.

Let us consider the operator L, associated to the Dirichlet form. It has the
definition:

L,F=— 3 A(n)*(d{dF, X(n, e(i))>, X(n,e(i)))
+ Y A(n)2(dF, X(n, e(i))) div X(n, e(i)) . (1.18)
Theorem 1.4. L, is defined over the core A° if 4p< 1.
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Proof. Only the case n+#0 is important.
| (d{dF, X(n, e(i))>, X(n, e(i)))|<C(n)/(n*+1), (1.19)

and the sequence of random variables C(n) is bounded in L?, this from the
relation:

Fet=r, | o R(dy(s), X)), (1.20)
[0,1]

for the Levi-Civita connection I'. So only the second part in the definition of L F
poses a problem. Let us consider only the n> 0 part:

divX(n,e(i))= j {1, cos(ns) e(i), dy(s)>

[0.1]

+1 j {Sx(netiy)sy» O7(8) > +counterterms . (1.21)
(0.1]
The counterterms have a behaviour in C(n)/n with C(n) uniformly bounded in
L?(u,) and do not pose any problem.

Let us consider the jth part of the derivative of F(y(¢(1)), ..., y(¢(r))). Let us
consider the element of L?[0, 1] whose Fourier series is 0 if n<0 and (4 (n)?/
n)(sin(nt(j))—1). Denote it by A, (s). (The convergence is obtained because
4p < 1.) In the first contribution of the divergence in the operator, we recognise:

Ty F(2(£(1)), ..., P(E(r))), Tay Buiy (8) (@) ), 67(s5) >
(1.22)

which belongs in L?(u,) because we recognise a non-anticipative Itd integral.

io.1]

O
Lemma 1.5. Let F be cylindrical functional.

#elexp[CIL F|]] <o, (1.23)
Jorall Cifdp<1.

Proof. The part in L .F which comes from (1.22) clearly satisfies (1.23). The part
in L ,F which comes from the first sum in (1.18) easily satisfies (1.22). Namely
only the derivative of the parallel transport poses any difficulties, but these are
overcome by (1.19) and by recognising a non-anticipative Itd integral asin (1.22).
It remains to treat the contribution of the counterterms in (1.21). Let us study
for instance the contribution of

5 AMAEX(1,6()> | (Sxineconinrr 97(5))

n>0,i
[0,1]
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= Z J- {Sygysy, OV(8)) (1.24)
! 1047

where Y (j) is a process of the same type as (1.22). This non-anticipative integral
is in particular exponentially integrable. The same holds for the last counterterm.

1.3. Localisation

We can now handle the following theorem, which could justify that the equi-
variant Fuler number under the geometrical action of 4 should be localised over
the twisted loop in g of the fixed point of 4.

Theorem 1.6.
peld(wi(?), 7)>d] <exp[-C/t], (1.25)

when t is tending to 0.

Proof. d is the uniform distance. Let us cut the time interval in ¢ ~! time intervals
[s(i), s(i+1)] of the same length. The event d(w,(y), y)> ¢ is included in the
union of the events {d(w,(y) (s(i)), y(s(i))) >} =0; and of the events

{SupP[si).sci+ 11 (W (7) (5), w (7) (s(i)))>6"}=0;.
By the stationarity of the process:
exp[ - C/t] ?l‘g{suP[s(i),s(iH)] d(y(s),y(s(i)))>d"}> l‘g{oi‘} . (1.26)

Since the number of O} is controlled by ¢ ', the second term is controlled by
exp[ — C/t] when ¢—0. Let us estimate u{O;}. By covering M by a set of small
balls, O, can be included in a finite set of O, such that:

O,;={1&(w{y)(s(i))) —g(r(s(i)))|>d"}. (1.27)
The g; are independent of the s; and 6" too. Since g;(y(s(i)) belongs to the do-
main of L,, quasi-surely, we have:

&(w, (y(s(i))) —g(y(s(i))) =M, + J. (L4g) (w(y))ds. (1.28)

[0.¢]

M, is a martingale whose derivative of the right bracket is smaller than C because
we take a coordinate function. Therefore:

u 1M, >Cl<exp[-C/t] . (1.29)

Moreover, by the Jensen inequality,
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e [ Lgionomase]]

[0.]

<cu| [ ewtizgionomasn|, (1.30)

[0.]

for the stationarity of w,(y). We deduce from this that

#g[ I |L.g(w(y))]ds> C] <exp[-C/t]. (1.31)

[0,1]

Therefore the result.

2. Regularised Dixon-Harvey-Vafa—Witten Euler number from the loop space of
a developable orbifold

2.1. Regularised de Rham operator over the twisted loop space

Let y be a twisted loop in H,, and T, be its tangent space with the previous
Hilbert structure. 7,=2>T7, the sum being taken over the relative integers. Let
AT, be the exterior algebra associated to T, with the structure coming from each
T';. The connection I” passes to AT,. Let AS be the set of sections of the shape

o= Y Fi(y(¢(0), (¢(0)), ..., y(¢(r))) X(1) (¥)

for a finite sum, where F, is a cylindrical functional and where X, =X(n,) (e;) A
AX(n,)(e). Let us remark that A(T,) is canonically isomorphic to
A(po) A A(yo, H), where A(y,, H) is the Fermionic Fock space associated to the
L? Hilbert structure endowed with the flat Brownian bridge in the tangent space
of the starting point. Modulo this isomorphism, we take random sections which
have only a finite number of components which are not equal to zero in this bun-
dle over M in order to define A2 and the coordinates are cylindrical functionals.
For o belonging to A, if e(7) is a local section of the orthonormal basis of T, (o, M,
we define d, , by

d,g0= ; { Z)A(n)<dF1(}’(t(0)), - P(8(r))), X(n, e(i)) (7))

(n,i

X X(n,e(i))(v) A X(I)(y)

+ ;A(O)FI(}’U(O); o P(E(r) ) X(0, e(i)) ATx(0,eiyy (i X() (}’)} .
(2.1)
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The first sum is taken over the finite number I of components F, of o in the dis-
tinguished basis X(7) (y) of the exterior algebra AT, and the second is involved
with the derivatives along the distinguished vector fields of the form. Since the
connection I" is a connection which preserves the metric over AT,, we can write
(2.1) more concisely:

d.g0= 3 A(n)X(n,e(i)) Alx(ne))0 - (2.2)

The operator does not depend on the choice of the local smooth section of the
orthonormal basis e(i) we choose. In a particular case, it can be useful to choose
a normal system of coordinates in order to determine the operator. We can com-
pute d}, over A2. Namely,

1e[<d<a, 05, X> 1= p,[ {0, 0 div X]

=,ug[<FX0',U’>+<0',FXU'>]. (23)
Therefore
Y0=—Iyo+odivX. (2.4)

This allows us to show that:

d:g= - Z A(n)FX(n,e(i))iX(n,e(i))a+ Z iX(n,e(i))o'diV X(n,e(i)) . (2.5)

Let us recall (see [JL2]) that the sum in (2.1) is infinite but converges because
2p<1 and that in d7},o the sum is finite. d,,+d7, is a symmetric operator and
therefore closable, and d7, is closable too.

Let us show that (d,,+d?*,)? is defined over 47. For this we have to suppose
4p<1. We have:

d,,gd:‘,go=(2) A(n)X(n, e(i)) Alx(neq)

X {— (Z_ A x(me(y) ix(me(y) @

m,j)

+ Y A(M)ixmeqy)odivX(m, e(j))}. (2.6)
()

The sum in { } isin fact finite. We only have to show that if we take {dF,, X(n,

e(i))), we can reach this from the core of cylindrical functionals because the

parallel transport appears in such expressions. This comes from the Bismut for-
mula [Bi2, Le4, Le5]
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F=1 | 'R X1, @7)

[0.2]

and from the fact that 2p< 1.
Let us now study the behaviour of 7.4, 0. It equals

ZA(n) div X(n, e(i))iX(n,e(i)) {Z A(m)X(m,e(j)) AFX(m,e(j))a}

- Z AT x(neiyyix(neciy) {Z A(m)X(m, e(j)) AFX(m,e(j))a} . (2.8)

The sum is finite, except for the most embarassing term which is

Z A(n)*div X(n, e(i) )FX(n,e(i))G_ Z A(n)2FX(n,e(i))FX(n,e(i))a- (2.9)

But if we work in a local chart, we can compare the problem of the convergence
of this series to the problem of the convergence of L, and show it is converging
in L?(,) as in the first part since 4p< 1.

The sum in 47 ,d7, o is finite and does not pose any problem of convergence.
The sum in 4, .d, ;o is infinite but its convergence comes from the fact that

el 1 (d{dF;, X(n, e(i))>, X(m, e(j))>|*]
<C/(n?+1)(m*+1), (2.10)
using (2.7).

Remark. Let o be the form over the twisted loop space which to a vector asso-
ciates (w(y(s)), X,>. It is the reciprocal image of the one-form w in M by the
evaluation map which associates to a twist loop its value in time s. It belongs to
the domain of d,, and d7,. For this, we expand X; in the basis given by 77 and
we see that this form is the series

Y (w((s)), X(n, e(i)) (s) Y X(n, e(i)) .

There is the parallel transport which appears in (@ (y(s)), X(n, e(i))(s) > but
can be handled by formula (2.7), which allows us to show that this form belongs
to the domain of d,, and of 4}, because 2p< 1.

The Laplacian (d,,+d?,)*=4,, is densely defined and symmetric, therefore
closable.

Let us introduce the geometrical action 4: to a twisted loop p(s) it associates
the twisted loop Ay(s). It is an isometry from H, into H,,, -1 which preserves the
splitting of 7, into 2T . This comes from the fact that A is an isometry, and if y
is the Brownian bridge between x and gx, Ay is the bridge between Ax and
hgx= (hgh~"')hx. Moreover the parallel transport between 4y(0) and Ay(?) is
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nothing else than dA 7,(dh) ~' since 4 is an isometry. Therefore the isometry be-
tween T'7 and T}, is given by e—dh e. The most difficult part to see this is for a
vector field of the type 7,(e—te+1t17 ' dge). It is transformed in a vector of the
type

T, (hy)(dhe—tdhe+tdhti! dge)
=t1(hy)(dhe—tdhe+tdhti'(dh)~'dhdg (dh)~'dhe)
=t1,(hy)(dhe—tdhe+t(dht, dh=') "'d(hgh—"')dhe). (2.11)

The conclusion follows from dh 1, dh~'=1, (hy).

Moreover,  lifts to an application from 49 to 4%, ., which is an isometry for
the natural L? structure over these two spaces. Since / preserves the splitting of
T, into the sum of T'}, since the A(n) are independent of the chosen starting point,
and since & preserves the Levi-Civita connection over TM, we deduce the follow-
ing equalities of operators with their domain:

hd, o =d, yen-1h ,

hdt,=d}ygnh,

h(d,,+dr,)=(d jgn—1 +d¥hgn-1)h,

hA, =4, pgn-1h . (2.12)

The Hilbert space of the loop space of a developable orbifold can be identified
with the quotient of the union of the sectors H, by the geometrical action of G
over the union of H,. Therefore, formally, the Euler-Poincaré characteristic
of this orbifold of twisted loop space is given by (1/|G|)X
> Tr,(exp[ —t4]h), the sum being taken over the elements of the group and the
expression Tr, being the difference of the trace over positive forms and
of that over odd forms [HZ]. This quantity is formally equal to
(1/1G|) 2 Ind,(d.+d7).

But 4 preserves each fermionic sector, and so only the contribution of the sec-
tors which are kept by the geometrical action of 4 need to be taken in the equi-
variant index (it is the diagonal contribution of 4). A sector is kept by 4 if gh=hg.
So only the sum over commuting pairs (g, /) has to be taken in the Hirzebruch
formula.

We can now handle the following conjecture:

Conjecture. If 4(n) > |n|”?

- d, . +d7, has a self-adjoint extension.

- If g and h commute, y(M¥~M")=Ind,(d,, +d?,).

—trexp{ — 4, 1his finite and Ind,(d, . +d},) =Tr, exp[ —t4, ] .

This conjecture could show that the regularised Euler number of the loop space
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of a developable compact orbifold is given by that of Dixon-Harvey-Vafa-Wit-
ten, Eq. (0.1), given in Section 0.

2.2. A heuristic proof of the conjecture

Over H,, instead of putting the measure

1
o o aa.P
Ju Pi(x, gx) dx ™!

we choose the measure in small time

1
Iae P2 (x, g8x)

When ¢ is small this measure concentrates to the fixed point M# of g because
Pe2(x, gx) <exp[—C/e?] when x#gx (see [Bi4]). As in [JL2], we divide the
metric in T7, n#0, by € ~2 such that an original orthonormal basis is multiplied
by ¢, although it is kept as a form (see [Bi7] and [Le3]). The contribution of
T? is more complicated to handle, because there are two parts in T?Y: the part
which is transverse to the fixed point set and the part which is tangent to the fixed
point set. Of course this distinction works only if y(0) is close to the fixed point
set. If y(0) is close to the fixed point set, we can define the projection /Iy(0) over
the fixed point set and the parallel transport 7(y(0), ITy(0) ) from ITy(0) to y(0).
Over M%, we have the tangent bundle TM?# and its orthogonal bundle (TM#*)”,
which are parallel because M? is totally geodesic. We use the parallel transport
7(x, IIx) in order to get a bundle T M and a bundle T,M" over a small tubular
neighbourhood of the fixed point set M. Moreover, T .M and T,M" are orthog-
onal. If (0) is in the small neighbourhood of the fixed point set, we can split
TYin T9(T M) and T9(T,M"). This decomposition is orthogonal. We keep the
Hilbert structure in T9(T,M) and in T9(T,M"), we take the Hilbert structure
asa ((1—e2)f((y(0))/€*)+1)=f£.(7(0)) multiple of the Hilbert structure from
the previous part; moreover f (y(0) ) is smooth >0, depends only on the distance
between the starting point and the fixed point set M%, and is equal to 0 outside a
small tubular neighbourhood U, of the fixed point set and is equal to 1 inside a
smaller tubular neighbourhood U, of the fixed point set. For the limit theorem
we will give later, only the contribution of a small neighbourhood of the fixed
point will be significant: an orthonormal basis of T9(7,M) is the same and an
orthonormal basis of T9(T,M*) is rescaled by €. We will not write later all the
details which come from the fact that this rescaling is only true in fact over a small
tubular neighbourhood of M, by doing a suitable partition of unity associated to
a neighbourhood of the fixed point set invariant under the geometrical action of
h.

These definitions being given, we define the operator 4., , ., the operator dt, ,,
the symmetric operator d, , . +d?,, and the operator (d,,,+d?,.)* =4, as be-

(xa gx)Pl,x,gx dx: lu'l,g ’

dx De2 (xa gx)Pez,x,gx dx= Heg -
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fore. Moreover, since we choose f;(x) depending only on the distance from x to
M2, and since that distance is invariant under the action of A, because 4 and g
commute, all these operators can be chosen invariant under the action of #4: the
main difficulty is to show that the splitting into T,M and T,M* is invariant under
the action of 4. But since # and g commute, 4 keeps M# and therefore dh keeps
the decomposition over M¥% of TM in TM? and (TM#2)". Moreover
IThy(0) = hITy(0) always because h and g commute. Moreover, let ¢, be a section
of TM%. ©(y(0), IFy(0) )eo(ITy(0)) is a section of T, M. We have:

dht{(1-1)1(y(0), ITy(0))e, (ITy(0))
+r7! dgT(y(0), I1(y(0))eo(ITy(0)}
=7,(hy){(1-1) dh (y(0), ITy(0) ) e, (/Ty(0))
+tdhti'(dh)~'d(hgh—") dh t(y(0), ITy(0)) (dh) ' dh e, (ITy(0)}
=1, (hy){(1=0)t(hy(0), IThy(0)) dh eo(ITy(0))
+ (7, (hy))~ ' dgt(hy(0), IThy(0)) dh e, (ITy(0))} , (2.13)

and dh e, (ITy(0)) is a vector in IThy(0) tangent to M%. This shows that our split-
ting is kept near M2,

We follow the line of [JL2] in order to define the Bismut dilatation. We have
our basis of distinguished vector fields X(n, e(i)) for a local smooth section e (i)
of orthonormal basis. Moreover, over our little neighbourhood of the fixed point
set, we choose that local section with respect to the splitting of TM in T, M and
T ,M". We deduce from this an orthonormal basis X(I) of the fibre of differential
forms. Moreover this choice is invariant under the action of 4, because 4 keeps
the splitting. Let us choose the coordinate of X (7). If d(y(0), M?) is small, we
take any finite sum of products of the type

fUm(0)) Il(_[) (i(r(1()) —f;(IIy(0) ) ) =F .

I(n) is a finite part of cardinal » of [0, 1]. Moreover, all the /() with the same
cardinal are distinct. Moreover, if I(n)=t(1)<1(2)--<t(n), we suppose that
the union of all the I(n) for n fixed is dense in the simplex (1) <£(2)--<t(n)
of [0, 1] If F is such a functional, F(hy) is still such a functional because
h(ITy(0))=1II(hy(0)), which shows us that the choice of such test functionals is
invariant under the action of A, if d(y(0), M?#) is small. If d(y(0), M#) is large,
we take any cylindrical functional. (We do not write completely the details about
this, but we stick together the two components by using as test functionals
h(Y(O))F(p)+ (1=h(y(0)))G(y), where h is a smooth function with compact
support in a small neighbourhood invariant under the action of 4 and equal to 1
in a smaller neighbourhood invariant under the action of 4. We perform the Bis-
mut dilatation only over the first component.) Let us suppose that
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leﬁu(ﬂr(O)) l:[ (i (v(8:)) ~£,,(I1y(0)))=0.

Since all the I are distinct, we deduce that each f, ,(JTy(0))II(f (y(t;))—
fi(IIy(0))) is equal to 0. We can now define the Bismut dilatation over a func-

tional F=2fo JI(f; (y(t;)) —f.,(1Iy(0))) by putting:
B.F=Y fo,(Iy(0)) [T (:(»(t:))—f.,(IF(0)) /€. (2.14)

Ifd(y(0), M?®) is large, we do not change the functional. We have that key prop-
erty, since IThy(0) =hIly(0):

B.(F(hy))=(B.F)(hy) . (2.15)

Let us show that the space of scalar functionals where the Bismut dilatation is
defined is dense. This follows from:

SUn(0)) Il(_[) i(v(2)) —£:(IIy(0)))

=f(11y(0)) (1(1—_[1) (ﬁ(?(ti))—f(Hr(O))))fn(?(tn))
~fU1y(0))f.(ITy(0)) 1(1—_[1) (i(r(1())) =£:(Il(0))) . (2.16)

By induction over n, we suppose that each functional f([Ty(0), p(¢(1)), ...,
y(t(n—1))) is the limit of a sum of finite products with the cardinal of I'(k)
smaller than n—1. If we use this induction hypothesis, it results from (2.16)
that we can get any functional of the type f(/Iy(0), y(t(1)), ..,
y(t(n—1)))f,(y(¢(n))) in L*(x,), and therefore all the functionals which are in
L?(p,) by the Stone-Weierstrass theorem.

Let us define the Bismut dilatation for forms: we choose an orthonormal basis
e;(IIy(0)) of T, M and an orthonormal basis e;(/Ty(0)) of T,M". We deduce a
basis X(I) of our fibre of differential forms. If we change the orthonormal basis
e;(1Ily(0)), the change of basis X(I) is seen only by terms which depend only on
Iy(0). If o= Y F,X,, let us define

B.o=Y (B.F)X(I) . (2.17)

This definition is coherent from the remark before. If d(y(0), M?#) is large,
there is no operation, and we stick in a smooth way these two operations, but it
does not give difficulties, because when € tends to 0, only the contribution of the
small tubular neighbourhood of AM*# appears.

We have still the basic property:

B.(dha)=dh (B.o) . (2.18)
Let us now define the limit model, conformally to [JL2] and [T]. The proba-
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bility space is defined as follows:

- Over M# we take the bundle of bridges in TM which go from ¢ to dgc, ¢ being
in (TM#)*. Over M%, we put the Riemannian measure and over the set of paths
which go from ¢ to dg ¢ in time 1, we put the measure exp( — | (I—dg)c||?) dc®
Py .4, Which is the law of the Brownian bridges in 7,M [and not in (T, M#)"]
which go from ¢ to dgc. Let us recall that the Brownian bridges which go from ¢
to dg ¢ have the same law as the process (1—s)c+sdgc+y; ., Which is a flat
Brownian bridge starting from 0 and coming back to 0 in T .M in time 1. The
introduction of this model is motivated by [Bi4].

As tangent space of the flat Brownian bridge y; q.;, we take the space H of finite
energy elements & of T.M such that A2(0)=h(1)=0 with the Hilbert norm
Jto.17 1A' (s) 112 ds. Over the set of ¢, we take the Hilbert norm |c|| 2. The fact that
we use the Hilbert norm ||| 2 instead of the norm || (I—dg)c| %, which seems more
natural, comes from the fact that we use the Hilbert structure [|e(i)||* over T2 for
a vector field X(0, e(i)). Over an element of that probability limit space, we get
as fibre A, A A. A Agermionic- The last exterior algebra is the fermionic Fock space
associated to the flat Brownian bridge starting from 0 in T, .M.

As limit operator, we choose:

degtd.;tdp,=d.+dr,=d,
=Y A(0)e(i) AL, + Y A(0)c(i) AT,
+ 2 A(n) (cos(ns)e(7)) AT costnsre)
+ Y A(n)(sin(ns)e(j) ) A lin(ns)eq) - (2.19)

In the first sum, we take derivatives over an orthonormal basis e(7) of T,.M#
(x belongs to M?). In the second sum, we take derivatives over an orthonormal
basis ¢(i) of (T, M#)¥ in the limit Gaussian space. In the third sum, we take the
classical Arai—-Shigekawa complex corresponding to the 4(#n) and to the Brown-
ian bridge in the full tangent space of M in x starting from 0 and coming back in
0 in time 1. d,, d., d_, anticommute as can be seen in normal coordinates. If we
work in normal coordinates, we can compute the adjoint of d,. d}, is given by

d;+d:+d:o= —A(O) Z ie(i)re(i) —A(O) Z ic(i)rc(i)
- Z A(n) icos(ns)e(j)rcos(ns)e(j) - z A(n)isin(ns)e(j)rsin(ns)e(j)
—A4(0) ¥ iciy < (I—dg)c, (I-dg)e(i))
~% [ ) Ceos(r)e), dymue>

[0.1]

— Y, A(n)¢sin(ns)e(i), Opars ) - (2.20)

It is the same type of formula as in [JL2 ], but the normal flat Brownian bridge
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is more complicated here, because we choose ¢ random too. If we put ¢ and 7y,
together, we have an abstract Wiener space, and d, ,+d,. . can be understood in
the formalism of Arai [Arl, Ar2, ArM]. Namely, we can choose the ¢(i) such
that it is an orthonormal basis for (TM#)* for the norm | c|| . Let us recall namely
that over M, if we write dg as a collection of matrices of rotation of angle 8, we
get a collection of orthogonal subbundles which are parallel over each component
of M#. Modulo this d* +d?*, appears as an Arai operator with an auxiliary opera-
tor in ¢ for the Gaussian space spanned by ¢ and the flat Brownian bridge y. As
Fermionic Fock space, we choose A4, A 4, with the norm | c|| > and as Bosonic Fock
space, the space L2 associated to the limit Gaussian probability measure
exp(—| (I—dg)c|*)®dP, .. The auxiliary operator in c is the operator which
allows us to pass from both Hilbert structures in c.
Moreover

dw,gd;,g +d:O,gdoo,g =Aoo,g =NB (Az) +NF(A2) s
d'—‘,gd:,g-*-d:,gdc,g=Ac,g=NB(c2) +NF (CZ) .

The number operator for bosons Ng(A4?2) is associated to the operator which sends
sin(ns) to A(n)?sin(ns) and cos(ns) to A*(n)cos(ns) as well as the fermion
number operator Ng(A42). The bosonic number operators Ng(c?) and the fer-
mionic number operators Ng(c?) are related to the change of Hilbert structure in
(TM#)H,

Therefore, d,, +d, has a self-adjoint extension. Namely 4, + 4., . can be diag-
onalised, because it is a sum of bosonic number operators and of fermionic op-
erators (see [Ar2]). Since the 4(n) do not depend on x and since the diagonali-
sation of dg is parallel over M#, we deduce that the set of eigenvectors associated
to different eigenvalues of 4., and of 4, constitute a countable set of finite di-
mensional bundles over AM#, which are preserved by d, +d%,, d.,+d., and
d,.+d% ., this because these operators are anticommuting (cf. [T] and [JL2]).
d, . +d% . appears exactly over each bundle as the de Rham operators tensorised
by this bundle. We know that the spectrum of d, , +d> , is discrete over each of
these finite dimensional bundles, as well as d,., +d%, and d%, , +d,, .. Moreover
the action of 4, , +d?, and of d,, , +d?%, , over each of these bundles is the square
root of the action modulo the sign of 4., and of 4, , over each of these bundles.
This allows us by restricting these bundles to diagonalise d,, +d, and to show it
has a self-adjoint extension.

We can look at the action of / over the limit model. & keeps M* because g and
h commute. Moreover, dh lifts over M# to a natural action over TM, which pre-
serves TM, and (TM,)". Let us remark that:

Idh(I—dg)c)*=|(I-dg) (dhc)|?, (2.21)

such that the action of di preserves the auxiliary operator which appears in 4,



R. Léandre, S.S. Roan / Geomeltry and Physics 16 (1995) 71-98 89

and 4, (since the action of d/ preserves the metric of the tangent space of y,,,).
This shows us that d2 commutes with all the limit operators given before.

Theorem 2.1. If A(n)> |n|?, then gh=hg,
Trexp(—1t4,,h) <00, (2.22)
Ind(d,+di)h=x(MEnM") . (2.23)

Proof. The proof of the existence of the trace follows directly the line of [JL2],
because % keeps the Wick product and the fermionic Fock space. Let =, be such
asubbundle for 4., and 4,, , endowed with a given combination of Wick products
in sin(ns), cos(ns), and of exterior algebra in cos(zs) and sin(ns). K denotes
the combination of sin(#ns), cos(ns) which appear in Zx: it is possible that more
than one of each sin(ns) appear there. | K| is the cardinal of K. The dimension
of such a subbundle is bounded by C'¥'*!, and the action of exp(—14,,,) over
each subbundle is diagonal and bounded by Cexp(—t>xA4(n)?). The action of
4, over A, A Exis given by the Lichnerowicz formula 4= — §4"M*+ C, + C¢. C,
is the action of the Lichnerowicz formula for the non-tensorised de Rham oper-
ator, and Cx comes from the action of the Lichnerowicz formula over the auxil-
iary bundle, which appears as a combination of at most |K| products of three
types together: exterior products, symmetric tensor products and tensor prod-
ucts. We have a probabilistic representation of the trace of the heat semi-group
associated to 4x, since over each product we take the connection product. Let 7, ¢
be the parallel transport over =k, which preserves the product, and let

AU, k= -3 Uk T5x (Ck+Cy) . (2.24)
We get the following representation of [Bi3, IW, Le2, Le3] and more precisely
[Bi4] of the trace that the heat semi-group:
Trexp(=t40h= | P BB, tr(Us g1k dh)) dx, (2.25)
Ms

where p,(x, y) is the heat kernel associated to the Brownian motion over M¢ and
E, . n(x) the expectation for the Brownian bridge which goes from 4(x) to x in
time ¢. In particular, we have a bound of the trace under the expectation in C,

C+0IKI HCXD(—tlA(n)|2)< Z C'KIa+y Hexp(_thP)
K K

=C[]C"*Yexp(—tn*)<co.
K

This shows that the first part of the theorem is true.
Let us show now that the second part of the theorem is true. The operators d,, .,
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d. . d.. anticommute or commute with 4. If a section belongs to the kernel of
d, t+d},, it is therefore, by using Arai’s computation [Arl, Ar2], a form in x
which does not depend on 7y, and ¢, almost surely. This shows us that

Ind,(d,,+d},) =x:(M?) . (2.26)
We apply the classical Lefschetz theorem and we find
(M) =x(MEnM") , (2.27)

since / is an isometry of M% because g and 4 commute.

Let us now motivate the introduction of these operators by the following limit
theorem, which is analogous to the limit theorem of [JL2]. But before this, we
need to understand what we mean by a limit in law, because our situation is a
little bit more complicated than the situation encountered in [JL2]. Let us recall
that the fibre is isomorphic to A(T,.M) A A,.(H). But if x is close to the fixed
point set, A(T,) A A (H) is isomorphic by means of the parallel transport be-
tween x and ITx to A(T,) A A (H). We identify the fibre close to M# with
A(T) A A (H) and far from M?# with the original fibre. We put as Hilbert space
structure the space of L2 sections over A(Tyz,) A A, (H) and the space of L? sec-
tions over A(T,) A A,(H) far from our neighbourhood. An L? section of forms
over the twisted loop space appears therefore as an L2 random variable from the
twisted loop space into this fixed Hilbert space. It makes sense in particular to
speak of the limit in law of such a random variable into this fixed Hilbert space,
which justifies our conjecture.

Theorem 2.2. For any fixed element of A2, we have in law if4p<1:

B.g-a,, (2.28)
B.dho—dho, (2.29)
(d.,.td?, ;) dhB.o—(d,,+d},)dha;, (2.30)
4., dh B.o—4,,dha,. (2.31)

Proof. Let us begin to show first that B.g— g, in law for any element of A42. This
arises from the Bismut computation of [Bi4]: any finite combination of
(f(y(2))—f(IIy(0)))/€ tends in law to <df(y(0)), yaa(t)+(1—-2)c+tdgc)
for the given limit probability Gaussian measure. The second affirmation comes
from the fact that d/ o belongs to A and that B, dh o=dh B.o. Let us remark that
we do not need the full Bismut procedure in order to see that, because we take
only a finite number of terms in (f (y(¢) ) —f (/Ty(0)))/¢c. Computations similar
to [Le2] can be used.

Let us show now that (d,,,+d:,,)B.o tends in law to (d;, +d?;)0,. (We can



R. Léandre, S.S. Roan / Geometry and Physics 16 (1995) 71-98 91

remove the term in A, this from (2.30).) We work in normal coordinates in Ty (0).
Let us begin by the divergence part in d?, .. If we take an element of T7, n> 0, of

the distinguished basis, it is multiplied by ¢, this from the rescaling of the metric.
We get:

diveX(n,e(i))=¢/¢€? J‘ {1, cos(ns)e(i), dy(s)>

(0,1]

+1e?/€? J‘ {Sex(netiyy(sy» 07(8) > +counterterms .
(0.1}

(2.32)

The counterterms disappear when € tends to zero, and in law we obtain at the end
J10.17<cos(ns)e(i), dyaa (s) >, which is exactly the divergent term which appears
in d%,,. In the limit contribution, there is no term in [, ;;{cos(ns)e(i),
(I—dg)cds) =0. The case n<0 is similar. For the moment, we do not see a dif-
ference with the computation of [JL2].

The difference appears when we want to treat the contribution in the divergent
part of T'9, because in this case there are two distinct behaviours.

Let us consider first the case of Xo(7(y(0)), IIy(0))e(i) (ITy(0)), where e(i)
is orthogonal to TM?. In this case, the metric is rescaled, and near M* we have to
multiply our vector by €. We get:

ediv X(0, e(i))=ediv 1(y(0), ITy(0))e(i) (ITy(0))
+e/€? j (t(—1(¥(0), IIy(0) )e (i) (I1y(0) )

[0,1]
+17 ' dgt((0), Iy(0))e(i) (11y(0))), y(s) >

+€2/e? J‘ {(Sexcoecirys 07(0) ) +counterterms .
[0.1]

(2.33)

In this case, the limit in law of a finite family of divergences of this kind is
{((—=1+dg)e(i)(y(0)), (—1+dg)c)>, which gives the divergence part of the term
in d¥, in the limit model.

If we work now over TM#, we have the same type of behaviour, but this goes in
law to div e(i), because 1, has a behaviour in I+ €2 and because (i) (/Iy(0))
belongs to the kernel of —1+dg. This shows us in local coordinates that the di-
vergence part of d¢, . B.g converges to the divergence part of d7,0,, and this with-
out the Bismut procedure, because in this case we have only a finite expression.
(In fact, it is not so simple, because in the limit theorem in law, we take test
functionals which are only continuous, and it is not easy to regularise continuous
test functions in the non-compact case. In order to be rigorous, we cannot avoid
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to use the Bismut procedure. See later for this.)

Let us now study the behaviour of d, .B.g. The difficulty is now that we have
infinite expressions. If n>0, we have to study the behaviour of
d(f(r(1))—f(I(0)))/e, €X(n, e(i))), which is equal to <df((¢)),
X(n, e(i))(t)) because X(n, e(i))(0)=O0. This tends to (df(y(0)),
0.1 cos(ns) dse(i) >, which is exactly the derivative of <df (y(0)), [ (0,1Yaa(5) >
in the direction cos nse(i) of the Cameron-Martin space H of the Brownian
bridge. The case n <0 is similar. If we take a derivative in the direction of (TM#)",
IIy(0) does not change asymptotically in € under the action of such a vector field.
The vector field is rescaled by e itself, because we rescale the metric in this direc-
tion. So we find that in law <{d(f(y(¢)))—f(IF(0)), X(0, e(i)))> tends to
df ((0)), t(—1+dg)e(i)), which is exactly the derivative of (df(y(0)),
t(—14+dg)c) in the direction e(i). Let us now study the behaviour in law of the
derivatives in the direction of TM32. We get, if e(i) belongs to TM?,

AU (r())—fTy(0))) /€, X(0, e(i)) >
=d(f(»(1)) =/f(¥(0))), X(0, e(i)) > /€
+<d(f(¥(0)) —f(11y(0)), X(0,e(i)) ) /€. (2.34)

Since we work in normal coordinates, and since 7, ((0), I7y(0) ) ~I+¢? when ¢
tends to 0, the derivative of the second term disappears almost completely when
€ goes 1o 0, because d(y(0), ITy(0)) ~ € when ¢ goes to 0: it remains in the limit
(T oiydf (7(0)), c). Let us treat the first term. But it is in the Stratonovitch sense:

(¢ [ <arsn, ansp, xco,en)e

[0.1]

= J’ {Txo,eqiy) sy AP (s)), dy(s) ) /e

[0.¢]

+ J’ <df(7(s)), 7 (=(¥(0), ITy(0) )e (i) (1Ty(0))

[0.1]
+1y ! dg(¥(0), 71(7(0) )e(i) (ITy(0) ) > /€. (2.35)

The second term tends to 0 because 77 ' dg=7+¢? in law and at the end we see
that:

@UO(0) = fUT(0)), X(0, e(i)) /e
o | ey AUIN0)), By + (=14 dp)eds) + (Lo dfUTH0)), .

[0.¢]

(2.36)



R. Léandre, S.S. Roan / Geometry and Physics 16 (1995) 71-98 93

Let us remark that the simplifications which appear because we use local nor-
mal coordinates over ITy(0) (for instance 7,~ 1 +€*) do in general not appear in
each part of the operator but only globally. For instance, the derivatives of the
distinguished vector fields cancel when ¢ tends to 0 because we use that normal
coordinate system in J7y(0); without this the computation should be more com-
plicated. The difficulty we have to overcome is that we get in fact an infinite sum.
In order to solve that, we will use the Bismut procedure as given in [Bi2, Bi4]
and not in [Lel ], because in this case some smoothness assumption is necessary
about the auxiliary functional of the Brownian bridge which is considered. Let us
consider the collection of

<dﬁ(y(t)),‘t, j cos(ns)dse(j)>,<dﬁ(y(t)),r, j sin(ns) dse(j)>.

[0,] [0,1]

Itis a random element @, of L2(IN). We have to show that for all bounded contin-
uous functionals F from L?(N) into R, the expectation of F(®,) tends to the
expectation of F (). We use the Bismut fact that:

b (F(P(7)))

= pu(FP(x, €na +€((1 —5)c+dgsc) +ev?(ey, c,x))) +o(e?) . (2.37)

In order to get v2, we look at the equation
du,= Y Xi(u,) (€dy;na +e€(1—dg)cds+ev?ds), (2.38)

where the X; are the canonical vector fields over the frame bundle over M. We
suppose that u, starts from ITu(0) =y(0)+¢c, y(0) belonging to A% and ¢ being
in TM?, this expression being written in a tubular neighbourhood. We choose v?
such that y(1) =ITu, is equal to y(0) + ¢ dg c. We start from y(0) + ec, because the
heat kernel p..(x, gx) does not tend to zero when x has a behaviour in y(0) +¢c
(see [Bi4] for more details). The key fact is the following: generally for a given
¢, we cannot find a »? such that y(1)=y(0) + edg ¢, but it is asymptotically true,
and this uniquely (see [Lel] for a non-geometrical approach ). This explains the
error term in (2.37), which is explained as well by the contribution of the Jaco-
bian which appears in the implicit function theorem which tends to 1 when € goes
to 0. The last difficulty that remains to explain is that there is a 7, which is not a
continuous functional of y. But this is overcome because 7, appears in (2.38). (It
works too if we take a finite number of stochastic integrals with different
integrands. )

This type of argument works too (but in a simpler way, because in this case
there is a finite sum) for the non-divergent part of dt, . B.o. In conclusion, we
have shown that in law (d, ., +d¢,.)B.otends to (d,, +d7;)a,.

Let us now show that (d,,,+d?,,)’B.o=4,,,0 converges in law to 4, ,0;.

(a) Let us begin by the simplest contribution, that means dt, . d%, B.o. Itisa
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finite sum which appears. Moreover, since two interior products anticommute
and since the derivatives in the limit probability space over y(0) in M# commute,
the limit in law of this expression is nothing else than d% .d% . g;.

(b) Let us look at the contribution of d,, 4., B.o. There is a doubly infinite
sum in this expression. Since we look in normal coordinates, we see that the ap-
parently most difficult part to handle in this expression is

Y. A(m)A(n)<{d{dB.F, eX(n,e(i))>, eX(m, e(j))>

n#0,m+#0,ij
XX(m,e(G)YAX(n,e(iY)AX(T).

The contribution with n=m, e(i) =e(j) cancels. We have only to consider the
family of

A(m)A(n)e*((d<dB.F;, X(n, e(i)) ), X(m, e(j))>
_<d<dBeFls X(m’ e(j)>’X(n} e(l))>) [}

which belongs to LZ(N). The only difficulty is when we derive twice the same
(f(y(t(i))) —f (IIy(0))) /¢ in the other case, there is an automatic cancellation.
We use again the Bismut procedure, but we have to use the formula (2.7). A
infinite number of stochastic integrals with different integrands appear. We over-
come this difficulty by writing X,=1.H, and by integrating by partsin (2.7). The
boring terms are of the type 7,[q,; K.H; ds where a fixed K| (independent of H)
appears. K is a Stratonovitch integral in the curvature tensor and 7,: we can apply
the Bismut procedure to K, which allows to conclude. Let us remark that the fact
that the second derivative of f (y(¢;)) —f (IIy(0)) /e along eX(n, e(i)) and eX(m,
e(j)) cancels at the limit, describes the fact that the derivative of (df (y(0)),
Y.+ (1 —t)c+tdgc) is deterministic at the limit in the direction of the tangent
space of the Brownian bridge.

In this case, the computation was ecasier because we divide each
S((t(i)))—fITy(0)) by € and we multiply each X(n, e(i)) by e. This simpli-
fication does not appear when we have to multiply only one X(n, e(i)) by €. We
look at the convergence in law of the series in L2(N),

A(n)e{(d{dB.F;, X(0, e(i)) ), X(n,e())>
_<d<dB€FI9X(na e(.])))aX(O, e(’)))} ’

where e(i) belongs to TM®, n#0, or e(j) belonging to (TM#)¥, n=0. Only the
contribution of the second derivative of the same (f(y(#(i)))—f(IIy(0)))/e
plays a role. We have for n#0,

<d<A(f(y(2(i)) —f(r(0))), X(0, e(i)) >, X(n, e(j)) >A(n)
={d{df(¥(1)), X(0, e(i)) (2) >, X(n, e(j)) >A(n) , (2.39)
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<d<d(f(y(2(i)) = fI1y(0))), X(n, e(j)) >, X(0, e(i)) > A(n)
= {(df(y(1(0))), X(n, e(j)) (1) >, X(0, e(i)) >A(n) . (2.40)

We have to take the derivative Iy ;)X (1, e(j) ) (¢) and I'x(,.¢;y, X (0, e(Z) ) (¢).
These two sequences tend separately in law to 0, because we work in the normal
coordinate system. Let us repeat that this simplification appears separately be-
cause we use normal coordinates over each contributing term of the operator and
appears globally over the operator, which is intrinsically defined. It remains only
to study the contribution of the sequence:

A(n) (KT*(y(2)), X(0, e(i)) (2), X(n, e(j)) (£) )
—<(I?f(y(2)), X(n, e(j)) (£), X(0, e(i)) (£)>) , (2.41)

which in L?(N) tends in law to 0 because we work in normal coordinates. We
have shown that d, , 4. , .B.o tends in law to d, .d, .0,

(c) We consider the case of d,,,d¢, . B.o. Since dt, B.o is a finite sum, that
term can be treated as the contribution of 4, B.o. The first difference is that we
have to take derivatives of the parallel transport, and therefore to use (2.7). We
also have to take the derivative of the divergence part. The only difficulty in this
case is to take the derivative of (1/€) [0, <{TH (n)(s),dy(s) ). Itisin fact also
a Stratonovitch integral. We have then, if m#0:

<%j (‘rsH'(n)(s),dy(S)>,fX(m,e(i))>

[0.1]

- j CLH (1) (5), o H' (m)(s)> ds

[0.1]

+ [ (5 ] o R X @) @ (1) 9), 4r(9)),
{0,1] {0,5]

(2.42)

which tends in law to [0, (H'(n)(s), H' (m)(s) ) ds, therefore the derivative
of the divergence [0, (H' (n)(s), d¥na(s) ) in the other direction H(m)(s).
The fact that the second term tends in law to zero does not come from the fact
that we use normal coordinates, but we have to use this for the derivatives of the
other parts of the divergence.

(d) The most complicated term to treat is d¥,.d.,.B.o because the sum in
d., B.o is infinite, among which is the term:

Y. A(n)*€*(d(dB.F;, X(n,e(i))>, X(n, e(i))>

n#0,i

—€2Y A(n)*(dB.F;, X(n,e(i))> divX(n,e(i)) . (2.43)
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The first term does not pose any problem, because each term of the series is in L2
bounded by CA(n)?/n? and since 2p< 1. For the second, the most complicated
term is

D)= T AMP0), wHn) (1) D)
x | ol () (6)eli), b1(s)> - (2.44)

[0,1]

The deterministic series A(n)2H,(¢) is in L2(N) because 4p<1. Let
#,(s)=3 A(n)?H(n) (t)H' (n)(s). It is an element deterministic of L?[0, 1],
which does not depend on e. We recognise in (2.45)

DO= 1L (W05 | w510 (2.45)

[0.1]

Since ¢,(s) is deterministic, this converges in law to X {(df(y(0)),
J1o11 €9:(s)e(i), dy(s)> ). Since ¢;(s) is deterministic, this converges in law to
2 (df(r(0)), J10,11{®:(5), O7na(5) >, which is the divergent part of the operator
associated to the auxiliary operator which to H’'(n) associates A(n)?H’(n) over
the flat Brownian bridge.

Remark. We separate in order to give a nice exposure of the convergence in law
of different parts of the considered expression, although it is not completely cor-
rect. But the convergence in law for the whole expression together is ensured.

Remark. Theorem 2.2 justifies the name of limit model, although we omit to speak
about the difficulties of this limit procedure: it is perhaps possible to define an-
other set of functionals such that the Bismut dilatation gives another limit
operator.
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